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Abstract— Standard Credit Default Swap (CDS) pricing
methods assume that the buyer and seller of the contract have
no risk of default. We explore two possible reduced form models
which try to include counterparty credit risk in the computation
of the fair CDS spread. The first simple model is the Discrete
Jump model proposed in [1]. We then propose a richer and
more sophisticated Correlated Diffusion model. We study the
effects of counterparty risk on the fair CDS spread implied
by these models and verify that these effects are in line with
general intuition. We propose extensions and possible methods
of calibrating these models to real data.

I. INTRODUCTION

In any financial contract that involves future cash flows,
there exists credit risk – a risk that one of the parties will not
be able to meet the obligations of the contract. To prevent
large losses due to such credit risk, some contracts (like
futures) are modified such that the change in contract value
during the course of every trading day is settled at the end of
the day. Such contracts protect both the parties from credit
risk occurring due to large swings in the market over the
course of long-term contracts lasting 5 to 10 or more years.

In the case of credit derivatives and, in particular, credit
default swaps (CDS), there are 3 entities involved – the
protection buyer, protection seller and the reference name.
In reality, all three of these names are subject to default risk
over the period of the contracts which last from 3 to 10
years. Moreover, the default risk of these names is often
correlated due to many reasons – (i) the macroeconomic
factors affecting one might affect all three and (ii) contagion
effects through the economy due to the default of any one
entity.

When we assume that any of the three entities in a Credit
Default Swap can default, there are four possible default
scenarios:

1) The conventional default scenario, when the reference
name defaults before the contract maturity and the
protection seller compensates the protection buyer for
the loss. In this scenario, there is no counterparty risk.

2) The reference name first defaults before the contract
maturity date and then the protection seller defaults
as well before compensating the protection buyer as
per the contractual obligations of the CDS. This sce-
nario highlights the counterparty risk for the protection
buyer.

3) The reference name does not default first, but it is
rather the protection seller that defaults within before
the contract maturity date. In this scenario, the pro-
tection buyer would have to renegotiate a new CDS

contract with another party for the remaining period. In
a correlated economy, this renegotiation would often be
at a higher cost primarily due to the increased default
risk arising from the protection seller’s default. This
scenario also highlights the counterparty risk for the
protection buyer.

4) The final case is when the protection buyer defaults
first before the contract maturity, which would mean
that the protection seller would henceforth not receive
the periodic premium payments for the reminder of
the contractual period. In this case, the protection
seller can just walk out of the contract. Firstly, it is
important to note that the protection seller has been
receiving the premium payments until the last premium
date and, secondly, the protection seller is no longer
obliged to compensate the protection buyer in case the
reference name defaults. This scenario highlights the
counterparty risk for the protection seller as it would
not be receiving the premium payments that it had been
expecting.

Standard pricing models for credit derivatives assume that
the buyers and sellers of these instruments have no default
risk. But the reasons cited above make it important to model
credit risk and study its effect on the pricing of credit
derivatives. There have been several works in literature on
pricing credit default swaps incorporating counterparty risk.
In [5] the authors use a credit index model to price CDS’s
with counterparty risk. Each reference entity is associated
with a reference index and when the index crosses a barrier,
a default occurs. The barriers for each entity are chosen
to be consistent with market implied default probabilities.
The authors show that in a correlated default environment,
the default of the counterparty will result in a positive
replacement cost for the protection buyer. In [2] the authors
use a generalized affine model to price CDS’s with default
correlation and counterparty risk. They incorporate several
factors such as market–credit risk, joint risk migration and
individual default risk into the affine structure of correlations
and jumps. Using the total hazard approach, [4] obtains an
analytical expression for the joint distribution of times, by
modeling the default process using independent and identi-
cally distributed exponential processes. In [1], the authors
refine the approach used in [4] by incorporating a change of
measure technique to obtain analytical expressions for the
joint distribution of default times.

We study two reduced-form pricing models for CDS con-
tracts in this paper. In Section II, we discuss the first model,



proposed in [1], which we refer to as the “Discrete Jump
Model”. We look at how one would price CDS contracts
under this model and discuss some results from [1]. In
Section III, we propose and discuss a new model, which we
refer to as the “Correlated Diffusion Model”. We also discuss
some simulation results that we obtain for this model and
issues regarding its calibration to market data. We conclude
the paper in Section IV by discussing possible future work
and useful extensions that could be made to our new model.

II. DISCRETE JUMP MODEL

A. Model Formulation and Assumptions

This model, proposed in [1], assumes the default processes
of the names to be doubly stochastic Poisson processes
with piecewise constant Markovian intensities. The default
intensities have deterministic jumps at the default times of
the other names. The risk-free interest rate is assumed to be
a constant, r. An important practical feature of this model is
the concept of a Settlement Period.

Settlement Period: CDS contracts specify that when the
reference name defaults, the protection seller must pay an
amount equal to the contract nominal times the loss at
default to the protection buyer. In practice, as mentioned
in [1], this settlement does not occur immediately. Rather,
the systematic unwinding of the company and finding the
percentage loss suffered by the bondholders takes at least one
or two quarters which is a significant length of time. This
becomes important in the setting of a correlated economy
since, during this period, the economic conditions might
worsen to such an extent that a healthy protection seller
might reach the brink of default. Also, the contagion effects
due to the default of the reference name might lead to a
liquidity crisis precipitating other defaults in the economy.
Incorporating this settlement period in the credit risk model
allows one to model such correlation and contagion effects
between the entities involved in the CDS contract along with
making the model more realistic.

1) Two Firm Model: Let the protection buyer, protection
seller and the reference entity be denoted by A, B, and
C respectively. First consider the extension to a two firm
default model where only the protection seller’s credit risk
is introduced. The default intensities of B and C are given
by:

λBt = b0 + b21{τC≤t}

λCt = c0 + c21{τB≤t}, (1)

where b0, b2, c0, c2 are deterministic constants.
Hence, as mentioned before, the default intensities are

piecewise constants with deterministic jumps occurring when
the other entity defaults. It is still assumed that the protection
buyer has no default risk.

2) Three Firm Model: We can relax the assumption of
a default-free buyer by introducing a piecewise constant

default intensity for A as well.

λAt = a0 + a11{τB≤t} + a21{τC≤t}

λBt = b0 + b11{τA≤t} + b21{τC≤t}

λCt = c0 + c11{τA≤t} + c21{τB≤t}, (2)

where ai, bi, ci; i = 1, 2, 3 are deterministic constants.

B. CDS Pricing

The fair CDS spread is defined as the premium spread
that equates the values of the premium leg and the default
leg. Adapting this to our case and assuming that the loss
at default is 100%, we note that the fair spread S(T ) must
satisfy:

n∑
i=1

E
[
e−rTiS(T )1{τA∧τB∧τC≥Ti} + S(T )A(T )

]
= E

[
e−r(τ

C+δ)1{τC≤T}1{τA>τC}1{τB≥τC+δ}

]
, (3)

where the left hand side represents the present value of a
stream of unit coupon payments, A(T ) is the present value of
the accrued swap premium between the last coupon date and
the default time, and the right hand side is the present value
of a unit recovery payment occurring a settlement period δ
after the default of the reference entity when the reference is
the first to default and the protection seller does not default
during the settlement period.

Change of Measure: Another useful technique mentioned
in [1] and introduced in [8] is the use of a change of measure
that makes pricing computations much easier in this context.
Define a firm-specific probability measure P i which puts
zero probability on the paths where default of firm i occurs
prior to the maturity, T. Specifically, for t < T , the change
of measure is defined by:

ZT =
dP i

dP ∗

∣∣∣
Ft

= 1{τ i>T}exp

(∫ T

t

λisds

)
(4)

The new measure P i is only absolutely continuous with
respect to the risk-neutral measure P ∗. Note that under PC ,
the default time of C is almost surely after the maturity
T which implies that the default intensity of B, λBt = b0,
a constant. This lets one neglect, interdependencies in the
default intensities by doing the calculations under these new
measures.

Using this change of measure technique, for the three firm
model, the joint density of the default times (τA, τB , τC) is
computed in closed form in [1] and is given by:

f(t1, t2, t3) =a0(b0 + b1)(c0 + c1 + c2)

exp{−(a0 − b1 − c1)t1 − (b0 + b1 − c2)t2
− (c0 + c1 + c2)t3}; 0 ≤ t1 < t2 < t3 (5)

Given this joint density, the fair CDS spread can also be
computed in closed form as given in [1].



C. Results

We now discuss the effect of the individual default risk
parameters (a0, b0, c0), and the correlated default risk param-
eters (a1, a2, b1, b2, c1, c2) on the CDS premium. Figure 1
shows the effect of the settlement time on the settlement risk
premium. As the settlement time (δ) increases, the protection
buyer is exposed to the default risk of the protection seller for
a longer period leading to a higher settlement risk premium.

Fig. 1. Effect of settlement time (δ) on settlement risk premium

Figure 2 shows the effect of the default risk of the
protection buyer (a0) on the CDS premium. As the protection
buyer’s default risk parameter increases, the risk of default
increases and the protection buyer has to pay a higher swap
premium to compensate the protection seller for the elevated
default risk.

Fig. 2. Effect of protection buyer’s default risk (a0)

Figures 3 – 5 show the effect of the default risk (b0),
and the correlated default risk parameters (b1, b2) of the
protection seller on the CDS premium. As the default risk of
the protection seller increases, the CDS premium decreases.

Fig. 3. Effect of protection seller’s default risk (b0)

Fig. 4. Effect of protection seller’s correlated default risk (b1)

Fig. 5. Effect of protection seller’s correlated default risk (b2)



A higher correlated default premium of the protection seller
also leads to a decrease in the CDS premium. We also note
that the sensitivity of the CDS premium to (b2) is higher than
that of (b1). This shows that the effect of the default of the
reference entity is more pronounced on the default risk of
the protection seller. All these observations are in line with
the general intuition of how the credit risk should affect the
fair CDS spread.

D. Advantages and Disadvantages

The Discrete Jump Model has the advantage that it is ana-
lytically tractable and gives closed form expressions without
the need to use any simulation methods. But the assumption
of constant default intensities with jumps only occurring
at default times leads to too much simplification and does
not reflect market observations. Moreover, there is an issue
about calibration of this model with market observables – in
order to calibrate the jump sizes, one would need three-firm-
specific (or at least three-industry-specific) post-default CDS
spread data which might not be available.

III. CORRELATED DIFFUSION MODEL

A. Model Formulation

In order to overcome the idealizations and difficulties
of the Discrete Jump Model, we introduce the Correlated
Diffusion Model. For this model, we borrow the concept
of having a settlement period from the previous model but
model the risk-neutral default intensities as correlated Feller
diffusion processes governed by the following SDEs:

dλAt =κ1(θ1 − λAt )dt+ σ1

√
λAt dW

1
t

dλBt =κ2(θ2 − λBt )dt+ σ2

√
λBt dW

2
t

dλCt =κ3(θ3 − λCt )dt+ σ3

√
λCt dW

3
t

Corr(dW 1
t , dW

2
t ) = ρ12dt

Corr(dW 2
t , dW

3
t ) = ρ23dt

Corr(dW 1
t , dW

3
t ) = ρ13dt, (6)

where κj , θj , σj , ρjk are positive deterministic constants.
This model has the advantages that along with modeling

correlated default risk, it is also able to capture random daily
fluctuations in the market and is a more realistic model of
correlated defaults. Also, for this model, there is a possibility
of being able to calibrate it to pre-default market data since
it does not involve jumps at default times. In principle we
could generalize our model easily to include intensity jumps
at default times given that there is some way to estimate the
jump sizes from market observables.

Although, we have a richer model, we lose the analytical
tractability that we had for the Discrete Jump Model. It is no
longer easy to compute expressions for the fair CDS spread
in closed form. Hence, in order to study this model, we will
need to resort to Monte Carlo simulations of the intensity
dynamics.

B. Simulation

Since the SDEs in (6) cannot be solved easily for a closed
form solution, we consider Monte Carlo simulation for
obtaining the CDS spread for this model. We discretize the
SDEs in (6) to first generate sample paths of the intensities,
λAt , λ

B
t , λ

C
t ; 0 ≤ t ≤ 10. We use Milstein discretization

scheme which gives lower discretization error and also
converges faster than the Euler Discretization Scheme [9].
We use a mesh size of 1000 for generating these sample
paths. In addition to the normal CIR process parameters for
all the three entities, we also study the effects of the pairwise
correlation coefficients between the intensities of all three
entities (ρ12, ρ23, ρ13), modeling an interconnected economy,
and the settlement period (δ) denoting the time taken in
reality to complete the recovery payment after default.

The spreads are assumed to be paid quarterly, the time
horizon (T ) is assumed to be 10 years and the risk-free
interest rate is assumed constant at r = 5%. The default
times are generated using the time change method for non-
homogenous Poisson processes. The number of iterations
in this Monte-Carlo simulation was kept at 10,000. These
simulations were effected in the Stanford Corn computing
environment with 8-core 2.7 GHz AMD Opteron (2384)
processor, 32GB RAM, 10GB swap & 75 GB temp Disk,
running Ubuntu GNU/Linux Operating System [10]. The
programs were written in MATLAB version 7.9.0 (R2009b).

C. Results

Through the results of the simulation presented in this
section, we aim to study the effect of counterparty risk as
observed from the Correlated Diffusion Model (III) and
also verify if this model is aligned with the general trends
observed when there is no counterparty risk.

1) Effect of Settlement Period: The settlement period
denotes the period between the date of default of the ref-
erence entity and the date on which the protection seller
compensates the protection buyer. In this period, as a result of
the correlation between the entities, one would expect that the
intensity of the protection buyer increases. Hence, the longer
the time period between the occurrence of the default and the
payout of the compensation, the greater the counterparty risk
assumed by the protection buyer. Consequently, we observe
a decrease in the spread with increase in settlement period
as shown in Fig. 6.

2) Effect of Protection Seller’s level of mean reversion
(θ2): The protection seller’s level of mean reversion denotes
its average default intensity. The higher its level of mean
reversion, the greater is its default intensity and therefore
denotes a riskier protection seller. We expect the protection
buyer to pay lesser premiums when the risk of the protection
seller increases and hence the decreasing CDS spread as
observed in Fig. 7. While we expect the CDS spread to
decrease for a riskier protection seller, we however expect the
CDS spread to increase for a riskier reference entity. When
these two effects interact, the effect of the riskier reference
entity (which is a first-order effect) dominates the effect of
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Fig. 6. Effect of settlement period (δ) on CDS spread
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Fig. 7. Effect of Seller’s mean reversion level (θ2) on CDS spread

the riskier protection seller (which is a second-order effect).
As observed in Fig. 7, the three line graphs denote different
levels of mean reversion for the reference entity (θ3). Higher
mean reversion levels of reference entity mean significantly
higher CDS spreads and within these levels, higher mean
reversion levels of protection seller mean relatively lower
decrease in CDS spreads.

3) Effect of Protection Seller’s speed of mean reversion
(κ2): For a protection seller starting with a high initial
intensity (λB0 ) compared to the mean level θ2, the faster
it reaches this level, the lesser is its default risk. Hence,
the protection seller is less risky when the speed of mean
reversion is higher, and consequently, the protection buyer
pays higher CDS spread as shown in Fig. 8. Again, this
is a second-order effect and the rate of increase is not as
pronounced as it would be in the case of the reference entity.

4) Effect of Protection Seller’s volatility (σ2): A volatile
protection seller means higher default-risk. Therefore, the
more volatile the protection seller is, higher the probability
of it defaulting and hence higher the counterparty risk for the
protection buyer. Hence the CDS Spread for the protection
buyer decreases with an increase in the protection seller’s
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Fig. 8. Effect of Seller’s speed of mean reversion (κ2) on CDS Spread
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Fig. 9. Effect of Seller’s volatility (σ2) on CDS spread

volatility as shown in Fig. 9.
Remark: While the three parameters discussed above

illustrate the effect of counterparty risk in the Correlated
Diffusion Model, the three parameters discussed next validate
that our model is aligned with the general trends observed
when there is no counterparty risk.

5) Effect of Reference Entity’s level of mean reversion
(θ3): The reference entity’s level of mean reversion denotes
its average default intensity. As would be expected, for
a highly default-prone reference entity, the CDS spreads
demanded by the protection seller would be high. Thus,
higher levels of mean reversion of the reference entity would
mean higher CDS spreads. As observed in Fig. 10, the level
of mean reversion for the reference entity is a first-orer effect,
while the level of mean reversion of the protection seller
and the protection buyer are second and third-order effects
respectively. Therefore, the impact of the mean reversion
levels of these two entities in the CDS spread is relatively
less as compared to the mean reversion level of the reference
entity as illustrated by the three line graphs in Fig. 10.

6) Effect of Reference Entity’s speed of mean reversion
(κ3): For a reference entity with high initial intensity (λC0 ),
the faster it reverts back to a lower level of mean reversion,
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Fig. 10. Effect of Reference Entity’s level of mean reversion (θ3) on CDS
spread
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Fig. 11. Effect of Reference Entity’s speed of mean reversion (κ3) on
CDS spread when λC0 > θ3

the less risky it is. For a less risky reference entity, the CDS
spreads demanded by the protection seller would be less.
Once again, since the reference entity demonstrates the first-
order effect, its effect dominates the effects of the other two
entities. Therefore, with greater speeds of mean reversion
(κ3) when λC0 > θ3, the CDS spreads decrease non-linearly
as shown in Fig. 11.

For the reference entity with low initial intensity (λ0), the
effect is opposite. Now, when λC0 < θ3, the faster it reverts
back to a higher level of mean reversion, the riskier it is. And
for a riskier reference entity, the CDS spreads demanded by
the protection seller would be high. Therefore, as shown in
Fig. 12, with greater speeds of mean reversion (κ3) when
λC0 < θ3, the CDS spreads increase non-linearly.

7) Effect of Reference Entity’s volatility (σ3): A reference
entity that is highly volatile is more default prone. Conse-
quently, the spreads demanded by the protection seller on this
reference name would be higher. Therefore, the CDS spreads
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Fig. 12. Effect of Reference Entity’s speed of mean reversion (κ3) on
CDS spread when λC0 < θ3
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Fig. 13. Effect of Reference Entity’s volatility (σ3) on CDS spread

would increase with increase in volatility of the reference
entity as observed in Fig. 13.

8) Effect of correlation between Protection Seller and
Reference Entity (ρ23): A protection seller highly correlated
with the reference entity would more likely default when the
reference entity defaults. This would mean higher counter-
party risk for the protection buyer, i.e. if the reference entity
defaults, the likelihood that the protection seller would also
default, without compensating the protection buyer, is high.
This should lead to a decrease in the CDS spread. Hence,
an increase in the correlation between the protection seller
and the reference entity (ρ23) decreases the CDS spread as
observed in Fig. 14.

9) Effect of Protection Buyer’s speed of mean reversion
(κ1): The faster the protection buyer reaches a higher level
of mean reversion, starting from a lower initial intensity
(λA0 ), the likelihood that the protection buyer would default
increases. A protection buyer that is default-prone is highly
unlikely to benefit from the protection seller’s compensation
when the reference name defaults, because the chances of
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Fig. 15. Effect of Buyer’s speed of mean reversion (κ1) on CDS spread

the protection buyer not surviving till the time the reference
entity defaults is high. In such a scenario, the premiums paid
by the protection buyer would be of no avail. Consequently,
with an increase in the speed of mean reversion of the
protection buyer (κ1), as shown in Fig. 15, the CDS spread
paid by the protection buyer decreases (when λA0 < θ1).

D. Model Calibration

As mentioned earlier, unlike the simpler Discrete Jump
Model, it is possible to calibrate our model to pre-default
market observables. But the calibration process is still not
trivial and remains challenging. In order to calibrate our
model to market observed spreads and indices, one would
ideally need a time series of counterparty specific CDS
spread quotes. For example, given a time series of spread
quotes for CDS on reference C with buyer A and seller B,
one could use Monte Carlo simulations and nonparametric
estimation methods to compute the model implied spread as
a function of the model parameters. After this, the Maximum

Likelihood method can be used to get an estimate of the true
parameters using the spread quotes.

In practice, such counterparty-specific quotes may not
be available. In this case, one might be able to estimate
the default intensity correlations using quotes of an index
that includes the protection buyer, protection seller and the
reference asset, among other entities. Separately, one could
use the individual CDS spread time series to calibrate the
parameters of the Feller diffusion processes as well.

On the other hand, if such an index does not exist, this
method also cannot be used. A final approach could be to use
correlations between different industries or market sectors
the firms belong to as a proxy for the default correlations
between the specific firms of interest.

IV. CONCLUSION AND FUTURE WORK

In this paper we model counterparty risk in Credit Default
Swaps, and explore reduced form models for the computation
of the fair CDS spread. We propose a Correlated Diffusion
model to capture the CDS spread dynamics and study the
impact of the various parameters of our proposed model on
the CDS spread. From our simulation results we see that our
model captures several first and second order interactions
among the default intensities of the protection buyer, pro-
tection seller, and the reference entity, and produces results
which are in line with intuition.

We propose a few topics which could be pursued for future
work. A natural extension to our Correlated Diffusion model
is the addition of jumps to the intensities at default. However,
this makes the calibration process more complex. We need
to design better calibration methods to handle such additions
to our model. In our model, we assume constant interest
rates. One can easily extend our model to handle the case
of stochastic interest rates within the class of affine term
structures.
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